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COMMUTING AND SEMI-COMMUTING MONOMIAL-TYPE TOEPLITZ
OPERATORS ON SOME WEAKLY PSEUDOCONVEX DOMAINS
CAO JIANG, XING-TANG DONG AND ZE-HUA ZHOU∗
ABSTRACT. In this paper, we completely characterize the finite rank commutator and
semi-commutator of two monomial-type Toeplitz operators on the Bergman space of cer-
tain weakly pseudoconvex domains. Somewhat surprisingly, there are not only plenty of
commuting monomial-type Toeplitz operators but also non-trivial semi-commuting monomial-
type Toeplitz operators. Our results are new even for the unit ball.
1. INTRODUCTION
The Toeplitz operators on certain pseudoconvex domains in Cn have been the object
of much study. See [1, 5, 10, 13] for example. In this paper, we shall consider Toeplitz
operators on the weakly pseudoconvex domains
Ωnm =
{
(z1, · · · , zn) ∈ C
n :
n∑
i=1
|zi|
2mi < 1
}
,
where m = (m1, · · · ,mn) is an n-tuple of positive integers. We shall suppose n > 1 to
avoid trivialities throughout the paper. Then for each z = (z1, · · · , zn) ∈ C
n, we denote
r =
√
|z1|2m1 + · · ·+ |zn|2mn
and
ζ = (ζ1, · · · , ζn) =
(
z1
r
1
m1
, · · · ,
zn
r
1
mn
)
∈ Snm,
where Snm is the boundary of Ω
n
m. Note that these expressions define a set of coordinates
(r, ζ) for every z ∈ C, these coordinates are called m-polar coordinates (see [13]). If
m = (1, · · · , 1), then Ωnm = B
n is the unit ball centered at the origin.
Let L2(Ωnm) be the collection of all square integrable functions with respect to the usual
Lebesgue measure dV on Ωnm. The Bergman space A
2(Ωnm) is the closed subspace of
L2(Ωnm) consisting of holomorphic functions in Ω
n
m. Denote by P : L
2(Ωnm) → A
2(Ωnm)
the orthogonal projection. Given a symbol u ∈ L∞(Ωnm), the Toeplitz operator Tu induced
by u is the bounded operator defined by
Tu(f) = P (uf) : A
2(Ωnm)→ A
2(Ωnm).
For two Toeplitz operators Tf1 and Tf2 onA
2(Ωnm), the commutator and semi-commutator
are defined by [Tf1 , Tf2 ] = Tf1Tf2−Tf2Tf1 and (Tf1 , Tf2 ] = Tf1Tf2−Tf1f2 , respectively.
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The problem of characterizing when two Toeplitz operators commute or semi-commute
on the Bergman space over various domains has been a long-term research topic. For
example, on the setting of the Bergman space over the unit disk, the Brown-Halmos type
theorems were obtained in [2] and [3] for Toeplitz operators with harmonic symbols, and
many other types of (semi-)commuting Toepltz operators with quasihomogeneous symbols
were found in [4, 7, 14, 15]. However, the general (semi-)commuting problem remains
open on the unit disk, and it becomes even more delicate and more challenging on higher-
dimensional balls, see [6, 11, 12, 16, 18, 19] for example.
Just recently, the second author and Zhu in [8] completely characterized when the com-
mutators and semi-commutators of two monomial Toeplitz operators on the Bergman space
of the unit ball A2(Bn) have finite rank. In this paper, we take the weakly pseudoconvex
domainΩnm as our domain and consider more general symbols, namely, the monomial-type
symbols. Recall that the monomial-type symbol is the function ϕ : Ωnm → C given by
ϕ(z) = rlζpζ
q
for p, q ∈ Nn, l ∈ R+ (Here R+ denotes the set of all nonnegative real numbers). In this
case, the corresponding Toeplitz operator Tϕ is called a monomial-type Toeplitz operator.
To state our main results, we need some notations. For α = (α1, · · · , αn) ∈ N
n, we
write
|α̂| =
α1
m1
+ · · ·+
αn
mn
.
If mi = 1 for all i ∈ {1, · · · , n}, then we will use the usual notation |α| to take instead
of |α̂|. A tuple (x1, x2, y1, y2) ∈ R
4
+ is called to satisfy Condition (I) if at least one of the
following conditions holds.
(i) x1 = x2 = 0,
(ii) y1 = y2 = 0,
(iii) x1 = y1 = 0,
(iv) x2 = y2 = 0,
(v) x1 = x2 and y1 = y2,
(vi) x1 = y1 and x2 = y2.
For p, q, s, t ∈ Nn, Theorem A of [8] shows that the operators Tzpzq and Tzszt commute
on A2(Bn) if and only if one of the following five conditions holds
(c1) One of the two operators is the identity operator.
(c2) Both operators have analytic symbols.
(c3) Both operators have conjugate analytic symbols.
(c4) |p| = |q|, |s| = |t|, and (pi, qi, si, ti) satisfies Condition (I) for all i ∈ {1, 2, · · · , n}.
(c5) |p| = |s|, |q| = |t|, and (pi, qi, si, ti) satisfies Condition (I) for all i ∈ {1, 2, · · · , n}.
Clearly, conditions (c4) and (c5) produce lots of non-trivial commuting monomial Toeplitz
operators on A2(Bn), see [8, Example 6]. On the setting of the Bergman space over
the weakly pseudoconvex domain Ωnm, Barranco and Nungaray [13] studied the com-
mutativity of two Toeplitz operators with special k-quasi-homogeneous symbols. Here
k = (k1, · · · , kτ ) is a partition of n, and then each z ∈ C
n can be decomposed into
τ pieces. Inspired by [8, Theorem A], we obtain the following general result which gives
two non-trivial sufficient conditions for two k-quasi-homogeneousToeplitz operators com-
muting on A2(Ωnm).
Proposition 1. Let p, q, s, t ∈ Nn, and let ϕ and ψ be bounded k-quasi-radial functions
on Ωnm. Suppose one of the following statements holds:
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(i) (pi, qi, si, ti) satisfies Condition (I) for each i ∈ {1, 2, · · · , n}, |p(j)| = |q(j)| and
|s(j)| = |t(j)| for each j ∈ {1, 2, · · · , τ}.
(ii) (pi, qi, si, ti) satisfies Condition (I) for each i ∈ {1, 2, · · · , n}, |p(j)| = |s(j)| and
|q(j)| = |t(j)| for each j ∈ {1, 2, · · · , τ}, and ϕ(r1, · · · , rτ ) = ψ(r1, · · · , rτ ).
Then the operators Tζpζqϕ and Tζsζtψ commute on A
2(Ωnm).
Since the proof of this result is a direct calculation using [13, Lemma 3.6], we leave it to
the interested reader. Unfortunately, so far no other non-trivial case was obtained for two k-
quasi-homogeneous Toeplitz operators commuting even on A2(Bn). In this paper, we will
give many new commuting Toeplitz operators on A2(Ωnm) induced by the monomial-type
symbols.
Our first main result not only shows that there is no nonzero finite rank commutator
of two monomial-type Toeplitz operators on A2(Ωnm), but also gives the sufficient and
necessary condition for such two operators to be commutative.
Theorem 2. Let l, k ∈ R+, p, q, s, t ∈ N
n. Then the following statements are equivalent.
(a) The commutator [Trlζpζq , Trkζsζt ] on A
2(Ωnm) has finite rank.
(b) The operators Trlζpζq and Trkζsζt commute on A
2(Ωnm).
(c) (pi, qi, si, ti) satisfies condition (I) for all 1 ≤ i ≤ n, and there exist some real
numbers µ, ν and a ≥ µ/2, b ≥ ν/2 such that
Γ (η + |p̂|) Γ (η + ν + 1)Γ (η + µ+ |ŝ|)
Γ (η + |ŝ|) Γ (η + µ+ 1)Γ (η + ν + |p̂|)
=
(η + b) (η + a+ ν)
(η + a) (η + b+ µ)
(1)
for any η ∈ C on some right half-plane. In this case, |q̂| = |p̂|−µ, |t̂| = |ŝ|−ν, l =
2a− µ and k = 2b− ν.
While one would wish for a more conceptual conclusion, there exist too many cases
for the tuple (|p̂|, |ŝ|, µ, ν, a, b) satisfying the identity (1). Consequently, the commuting
monomial-type Toeplitz operators on A2(Ωnm) involves not only the predictable cases but
also plenty of non-trivial cases (see Corollary 7 and Example 8). It is also worth to mention
that the weakly pseudoconvex domains Ωnm have many rich structural characteristics. For
example, two of these domains are biholomorphically equivalent only if the correspond-
ing mi’s are the same up to permutation (see [17] for example). However, the operator
theory on such family of domains becomes even more complicated and interesting (see
Example 9).
As a consequence of Theorem2, some interesting necessary conditions for two monomial-
type Toeplitz operators commuting on A2(Ωnm) are obtained (see Corollary 10). Conse-
quently, there exist a finite number of the combination of the tuple (|p̂|, |ŝ|, µ, ν, a, b) sat-
isfying the identity (1). Also, we get some differences of the operator theory between on
the weakly pseudoconvex domains and on the unit ball.
For the finite rank semi-commutator problem, [8, Theorem B] showed that the semi-
commutator of two monomial Toeplitz operators on A2(Bn) has finite rank only in trivial
cases: the first operator has conjugate analytic symbol or the second operator has analytic
symbol. By contrast, our second result produces non-trivial cases for semi-commuting
monomial-type Toeplitz operators on A2(Ωnm).
Theorem 3. Let l, k ∈ R+, p, q, s, t ∈ N
n. Then the following statements are equivalent:
(a) The semi-commutator
(
Trlζpζq , Trkζsζt
]
on A2(Ωnm) has finite rank.
(b) TrlζpζqTrkζsζt = Trl+kζp+sζq+t on A
2(Ωnm).
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(c) At least one of the following conditions holds:
(i) l = |q̂| − |p̂| and t = 0;
(ii) k = |ŝ| and t = 0;
(iii) l = |q̂| and p = 0;
(iv) k = |ŝ| − |t̂| and p = 0.
From Theorem 3 we get that the semi-commutator of two monomial Toeplitz operators
Tzpzq and Tzszt on A
2(Ωnm) has finite rank if and only if either p = 0 or t = 0, which
is parallel to the result in [8, Theorem B]. In sharp contrast to the monomial case, there
exist many non-trivial semi-commuting monomial-type Toeplitz operators. Furthermore,
it is interesting to observe that the operator Tr(|q̂|−|p̂|)ζpζq semi-commutes with all Toeplitz
operators induced by symbol functions of the form rkζs.
In addition, we would like to mention that the situation in the unit disk is quite different
from the case of higher dimensional weakly pseudoconvex domains. In fact, the commuta-
tors or semi-commutators of two monomial-type Toeplitz operators on the Bergman space
of the unit disk have finite rank only in several trivial cases, see [7, Corollaries 11 and 12].
While the main idea of our method of proofs is adapted from [8], substantial amount of
unexpected analysis is required to overcome some different nature of the weakly pseudo-
convex domains and monomial-type symbols. For example, the method of characterizing
(semi-)commuting k-quasi-homogeneous Toeplitz operators relies on explicit formulas for
the action of the operators on the orthonormal basis of the Bergman space. This action
leads to a holomorphic identity on a domain in the complex n-space, see (8) for exam-
ple. Then the most critical step in the proof is the analysis of such identity. To deal with
this, [8] depended on the distribution of zeros of a holomorphic function, which does not
work in the case of monomial-type symbols. In this paper, we devise a completely new
approach, which simplify the proof greatly even though the domain and the operators seem
more general and complicated than those in [8]. Roughly speaking, we rewrite the identity
(8) as (9) and show that each function appeared in (9) must be a constant multiple of the
exponent function. Since all of them are bounded on the right half-plane with a certain
growth at infinity, they must be the constant function.
We end this introduction by mentioning that the implication (a) to (b) of Theorem 2
or Theorem 3 is in fact predictable: on the Bergman space, finite rank commutators and
semi-commutators with bounded symbols are usually zero. For example, in the case of
the Bergman space of the unit disk, Guo, Sun and Zheng [9] showed that there is no non-
zero finite rank commutator or semi-commutator of Toeplitz operators induced by bounded
harmonic symbols. But the problem is very much open for other symbol classes.
2. PROOFS OF THEOREMS 2 AND 3
We start this section with the following proposition which will play an essential role in
the proofs of our main theorems.
Proposition 4. Suppose each function fi, i ∈ {1, · · · , n}, is analytic and has no zero on
certain right half-plane
∏+
ai
= {ζi ∈ C : Re ζi > ai} with ai ∈ R. If there exists an
analytic function f such that
f(ζ1 + · · ·+ ζn) =
n∏
i=1
fi(ζi) (2)
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for any ζi ∈
∏+
ai
, then
fi(ζi) = cie
λζi , i ∈ {1, · · · , n},
for some complex constants ci and λ (independent of i).
Proof. Taking the natural logarithm on both sides of (2), we get
ln f(ζ1 + · · ·+ ζn) = ln f1(ζ1) + · · ·+ ln fn(ζn).
Fix any i ∈ {1, · · · , n} and take partial derivatives with respect to ζi on both sides. The
result is
f ′(ζ1 + · · ·+ ζn)
f(ζ1 + · · ·+ ζn)
=
f ′i(ζi)
fi(ζi)
.
So for any i 6= j we have
f ′i(ζi)
fi(ζi)
=
f ′j(ζj)
fj(ζj)
. (3)
Note that the left-hand side of (3) depends only on ζi and the right-hand side depends only
on ζj , Therefore, both sides of (3) should be a constant independent of i. Then we have
f ′i(ζi) = λ fi(ζi)
for some λ ∈ C, which implies that fi(ζi) = cie
λζi for some ci ∈ C, as desired. 
Throughout the rest of this paper, we are going to use the following notations. For
two multi-indexes α = (α1, · · · , αn) and β = (β1, · · · , βn) in N
n, we write α + β =
(α1 + β1, · · · , αn + βn) and α  β if αi ≥ βi for all i ∈ {1, · · · , n}. To simplify the
notation, we also write α+1 = (α1+1, · · · , αn+1). The reader should have no problem
accepting this slightly confusing notation. In addition, we will need to use the following
formulas for integration on Ωnm and S
n
m:∫
Ωnm
f(z)dV (z) =
∫ 1
0
r
2
(
n∑
i=1
1
mi
)
−1
dr
∫
Snm
f(r, ζ)dS(ζ) (4)
for every f ∈ L1(Ωnm), and
∫
Snm
ζαζ
β
dS(ζ) = δα,β
2pin
n∏
i=1
Γ
(
αi+1
mi
)
(
n∏
i=1
mi
)
Γ
(
n∑
i=1
αi+1
mi
) , (5)
where dS denotes the hyper surface measure on Snm. For more details we refer the reader
to [13]. Then a direct calculation gives the following simple lemma.
Lemma 5. Let l ∈ R+ and p, q ∈ N
n. Then on A2(Ωnm), for each β ∈ N
n, we have
Trlζpζq (z
β) =

Γ
(
|β̂+1|+|p̂|−|q̂|+1
) n∏
i=1
Γ
(
βi+pi+1
mi
)
(
|β̂+1|+ l2+
|p̂|
2 −
|q̂|
2
)
Γ
(
|β̂+1|+|p̂|
) n∏
i=1
Γ
(
βi+pi−qi+1
mi
) zβ+p−q, β + p  q,
0, β + p 6 q.
Proof. Fix any λ ∈ Nn, then by (4) and (5) we have〈
Trlζpζq (z
β), zλ
〉
=
∫
Ωnm
rlζpζ
q
zβzλdV (z)
=
∫ 1
0
r
2
(
n∑
i=1
1
mi
)
+
(
n∑
i=1
βi+λi
mi
)
+l−1
dr
∫
Snm
ζβ+pζ
λ+q
dS(ζ)
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=

pinδβ+p−q,λ
n∏
i=1
Γ
(
βi+pi+1
mi
)
(
n∏
i=1
mi
)(
n∑
i=1
1
mi
(βi+1+ pi−qi2 )+
l
2
)
Γ
(
n∑
i=1
βi+pi+1
mi
) , β + p  q,
0, β + p 6 q.
Since 
√√√√( n∏
i=1
mi
)
Γ
(
n∑
i=1
αi + 1
mi
+ 1
)/
pin
n∏
i=1
Γ
(
αi + 1
mi
)
zα

α∈Nn
is an orthonormal basis for A2(Ωnm) (see [5] for example), we have if β + p 6 q then
Trlζpζq (z
β) = 0, and if β + p  q then
Trlζpζq (z
β) =
〈
Trlζpζq (z
β), zβ+p−q
〉
〈zβ+p−q, zβ+p−q〉
zβ+p−q
=
Γ
(
n∑
i=1
βi+1+pi−qi
mi
+ 1
)
n∏
i=1
Γ
(
βi+pi+1
mi
)
(
n∑
i=1
1
mi
(
βi + 1 +
pi−qi
2
)
+ l2
)
Γ
(
n∑
i=1
βi+pi+1
mi
)
n∏
i=1
Γ
(
βi+pi−qi+1
mi
) zβ+p−q.
This completes the proof. 
We are now ready to prove Theorem 2 stated in the introduction, which characterizes
all finite rank commutators for monomial-type Toeplitz operators on A2(Ωnm).
Proof of Theorem 2. It is trivial that (b) implies (a).
To prove that (a) implies (c), we simply write
µ = |p̂| − |q̂|, ν = |ŝ| − |t̂|, a =
l
2
+
|p̂|
2
−
|q̂|
2
, b =
k
2
+
|ŝ|
2
−
|t̂|
2
, (6)
and define
Hp,q,a(ξ) =
Γ
(
n∑
i=1
ξi+1
mi
+ µ+ 1
)
n∏
i=1
Γ
(
ξi+pi+1
mi
)
(
n∑
i=1
ξi+1
mi
+ a
)
Γ
(
n∑
i=1
ξi+1
mi
+ |p̂|
)
n∏
i=1
Γ
(
ξi+pi−qi+1
mi
) . (7)
Using the same argument as in the proof of [8, Lemma 3], we can easily get thatHp,q,a(ξ)
is holomorphic and polynomially bounded on the domain
{ξ ∈ Cn : Re ξi ≥ max{0, qi − pi}, 1 ≤ i ≤ n}.
Then for each β ∈ Nn with β  γ, where
γi = max{0,−pi + qi,−si + ti,−pi + qi − si + ti}
for each i ∈ {1, · · · , n}, it follows from Lemma 5 that[
Trlζpζq , Trkζsζt
]
(zβ)
= [Hs,t,b(β)Hp,q,a(β + s− t)−Hp,q,a(β)Hs,t,b(β + p− q)] z
β+p−q+s−t.
Assume
[
Trlζpζq , Trkζsζt
]
has finite rank, so the set
{[
Trlζpζq , Trkζsζt
]
(zβ) : β  γ
}
contains only finite linearly independent vectors. Thus there exists some γ0 ∈ N
n such that
Hs,t,b(β)Hp,q,a(β + s− t)−Hp,q,a(β)Hs,t,b(β + p− q) = 0
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for all β  γ0. Clearly, the function
Hs,t,b(ξ)Hp,q,a(ξ + s− t)−Hp,q,a(ξ)Hs,t,b(ξ + p− q)
is holomorphic and polynomially bounded on {ξ ∈ Cn : Re ξi ≥ γi, 1 ≤ i ≤ n}. Then
according to [11, Proposition 3.2], we obtain
Hs,t,b(ξ)Hp,q,a(ξ + s− t)−Hp,q,a(ξ)Hs,t,b(ξ + p− q) = 0 (8)
for all ξ ∈ Cn with Re ξi ≥ γi, 1 ≤ i ≤ n.
To simplify our computations later, we define
Fi(ηi) =
Γ
(
ηi +
pi
mi
)
Γ
(
ηi +
si
mi
− ti
mi
)
Γ
(
ηi +
pi
mi
− qi
mi
+ si
mi
)
Γ
(
ηi +
si
mi
)
Γ
(
ηi +
pi
mi
− qi
mi
)
Γ
(
ηi +
si
mi
− ti
mi
+ pi
mi
)
on {ηi ∈ C : Re ηi ≥ (γi + 1)/mi} for each i ∈ {1, · · · , n}, and
F (η) =
(η + a) (η + b+ µ)
(η + b) (η + a+ ν)
Γ (η + |p̂|) Γ (η + ν + 1)Γ (η + µ+ |ŝ|)
Γ (η + |ŝ|) Γ (η + µ+ 1)Γ (η + ν + |p̂|)
on {η ∈ C : Re η ≥ |γ̂ + 1|}. Notice that if we replace ξi+1
mi
by ηi in (7), then the identity
(8) becomes
F (η1 + · · ·+ ηn) =
n∏
i=1
Fi(ηi), Re ηi ≥ (γi + 1)/mi. (9)
Then by Proposition 4, we see that each function Fi, 1 ≤ i ≤ n, should be a constant
multiple of the exponential function (maybe degenerate to a constant). On the other hand,
from the asymptotic expression of the logarithm of gamma function at infinity, it is known
that
Γ(ηi + x)
Γ(ηi + y)
= ηx−yi
(
1 +O
(
1
|ηi|
))
for large values of |ηi| with Re ηi > 0 and x, y ≥ 0. It is clear that each function
Fi is bounded on {ηi ∈ C : Re ηi ≥ (γi + 1)/mi}. Consequently, we infer that each
function Fi is a constant function. Combining this with the definition of Fi, we conclude
that Fi(ηi) = 1 for each i ∈ {1, · · · , n}.
Observe that
Fi(ηi+1)
Fi(ηi)
= 1. Using the formula Γ (ηi + 1) = ηiΓ (ηi), we deduce that(
ηi +
pi
mi
)(
ηi +
si
mi
− ti
mi
)(
ηi +
pi
mi
− qi
mi
+ si
mi
)
(
ηi +
si
mi
)(
ηi +
pi
mi
− qi
mi
)(
ηi +
si
mi
− ti
mi
+ pi
mi
) = 1.
This clearly implies that the tuple (pi, qi, si, ti) satisfies Condition (I). Since Fi(ηi) is the
constant function 1, it follows from (9) that F (η) = 1, and so the identity (1) holds on
{η ∈ C : Re η ≥ |γ̂ + 1|}. This completes the proof that (a) implies (c).
It remains to prove that (c) implies (b). In fact, if condition (c) holds, then Fi(ηi) = 1
and F (η) = 1, and so (9) holds for ηi with Re ηi ≥ (γi + 1)/mi, 1 ≤ i ≤ n. Thus,[
Trlζpζq , Trkζsζt
]
(zβ) = 0
for each β ∈ Nn with β  γ. For β ∈ Nn with β 6 γ, then γi > βi ≥ 0 for some
i ∈ {1, 2, · · · , n}. Using [8, Lemma 1] we have γi = −pi + qi − si + ti > βi, and hence
Lemma 5 implies[
Trlζpζq , Trkζsζt
]
(zβ) = TrlζpζqTrkζsζt(z
β)− T
rkζsζ
tTrlζpζq (z
β) = 0.
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Consequently,
[
Trlζpζq , Trkζsζt
]
= 0, as desired. This completes the proof. 
In the rest of this section, we will prove Theorem 3 stated in the introduction, which
completely characterizes all finite rank semi-commutators of two monomial-type Toeplitz
operators on A2(Ωnm). First, we need the following critical lemma.
Lemma 6. Let p, q, s, t ∈ Nn. If there exist some real numbers a and b such that
(η + a+ b)
(η + b)
(
η + a+ |ŝ| − |t̂|
) = Γ (η + |ŝ|) Γ (η + |ŝ| − |t̂|+ |p̂|)
Γ
(
η + |ŝ| − |t̂|+ 1
)
Γ (η + |p̂|+ |ŝ|)
(10)
hold for any η over the right half-plane, then either |t̂| = 0 or |p̂| = 0.
Proof. Notice that the function on the right-hand side above is a rational function, so it has
at most finitely many poles. Since the function Γ (η + |ŝ|) has infinitely many poles, all
but finitely many of them must be canceled. Therefore, either |t̂| or |p̂| is a nonnegative
integer.
First, we assume that |t̂| is a positive integer. We need to show that |p̂| = 0. If |t̂| = 1 or
|t̂| = 2, then an elementary argument shows that either |p̂| = a = 0 or |p̂| = b− |ŝ|+ |t̂| =
0, as desired. So we consider |t̂| ≥ 3. Then (10) becomes
(η + a+ b)
(η + b)
(
η + a+ |ŝ| − |t̂|
)
=
(
η + |ŝ| − |t̂|+ 1
) (
η + |ŝ| − |t̂|+ 2
)
· · · (η + |ŝ| − 1)(
η + |p̂|+ |ŝ| − |t̂|
)
· · · (η + |p̂|+ |ŝ| − 2) (η + |p̂|+ |ŝ| − 1)
. (11)
Since |t̂| 6= 0, it is clear that |p̂| 6= 1. To see that |p̂| = 0, let us assume that |p̂| > 0 and
|p̂| 6= 1. Observe that |ŝ| − |t̂| + 1 6= |p̂| + |ŝ| − |t̂| + i for any i ∈ {0, · · · , |t̂| − 1} and
|p̂|+ |ŝ| − 1 > |ŝ| − 1. It follows from (11) that
|ŝ| − |t̂|+ 1 = a+ b
and
|p̂|+ |ŝ| − 1 = b, or |p̂|+ |ŝ| − 1 = a+ |ŝ| − |t̂|.
Consequently, one of the following conditions holds:
• a = −|p̂| − |t̂|+ 2 and b = |p̂|+ |ŝ| − 1.
• a = |p̂|+ |t̂| − 1 and b = −|p̂|+ |ŝ| − 2|t̂|+ 2.
In each case, (11) becomes
1(
η − |p̂|+ |ŝ| − 2|t̂|+ 2
)
=
(
η + |ŝ| − |t̂|+ 2
)
· · · (η + |ŝ| − 1)(
η + |p̂|+ |ŝ| − |t̂|
) (
η + |p̂|+ |ŝ| − |t̂|+ 1
)
· · · (η + |p̂|+ |ŝ| − 2)
.
However,
−|p̂|+ |ŝ| − 2|t̂|+ 2 6= |p̂|+ |ŝ| − |t̂|+ j
for all j ∈ {0, · · · , |t̂| − 2} since |t̂| ≥ 3 and |p̂| > 0, a contradiction. This shows that
|p̂| = 0.
Next, we suppose |p̂| is a positive integer. Then by the same way as shown before, we
get that |t̂| = 0. This completes the proof. 
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Proof of Theorem 3. It is trivial that (b) implies (a).
To prove that (a) implies (c), we consider each β ∈ Nn with β  δ, where
δi = max{0,−si + ti,−pi + qi − si + ti}.
Then we deduce from Lemma 5 and the notation of (7) that(
Trlζpζq , Trkζsζt
]
(zβ)
= [Hs,t,b(β)Hp,q,a(β + s− t)−Hp+s,q+t,a+b(β)] (z
β+p−q+s−t).
Since
(
Trlζpζq , Trkζsζt
]
has finite rank, we can proceed as in the proof of Theorem 2 to
obtain
Hs,t,b(ξ)Hp,q,a(ξ + s− t)−Hp+s,q+t,a+b(ξ) = 0 (12)
for all ξ ∈ Cn with Re ξi ≥ δi, 1 ≤ i ≤ n. If we define
Gi(ηi) =
Γ
(
ηi +
si
mi
− ti
mi
)
Γ
(
ηi +
pi
mi
+ si
mi
)
Γ
(
ηi +
si
mi
)
Γ
(
ηi +
si
mi
− ti
mi
+ pi
mi
)
on {ηi ∈ C : Re ηi ≥ (δi + 1)/mi} for each i ∈ {1, · · · , n} and
G(η) =
(η + a+ b) Γ (η + ν + 1)Γ (η + |p̂|+ |ŝ|)
(η + b) (η + a+ ν) Γ (η + |ŝ|) Γ (η + ν + |p̂|)
on {η ∈ C : Re η ≥ |δ̂ + 1|}, then (12) is equivalent to
G(η1 + · · ·+ ηn) =
n∏
i=1
G(ηi)
for all ηi ∈ C with Re ηi ≥ (δi + 1)/mi, 1 ≤ i ≤ n. Using the same argument as in the
proof of Theorem 2, we have that G(η) = 1. Then by Lemma 6, we get either |t̂| = 0 or
|p̂| = 0. If |t̂| = 0, then it follows from G(η) = 1 that
(η + a+ b) (η + |ŝ|) = (η + b) (η + a+ |ŝ|) ,
which implies that either a = 0 or b = |ŝ|. Similarly, if |p̂| = 0, then we have either a = 0
or b = ν. This completes the proof that (a) implies (c).
To prove that (c) implies (b), we first observe that condition (c) implies that either p = 0
or t = 0, and consequently, Gi(ηi) = 1 on {ηi ∈ C : Re ηi ≥ (δi + 1)/mi} for each
i ∈ {1, · · · , n}. It is also easy to check thatG(η) = 1, and so (12) holds for for all ζ ∈ Cn
with Re ζi ≥ δi, 1 ≤ i ≤ n. Thus,(
Trlζpζq , Trkζsζt
]
(zβ) = 0
for each β ∈ Nn with β  δ. For β ∈ Nn with β 6 δ, then δi0 > βi0 ≥ 0 for some
i0 ∈ {1, 2, · · · , n}. As in the proof of Theorem 2, condition (b) will follow if we can show
that
δi0 = −pi0 + qi0 − si0 + ti0 .
To this end, first observe that either pi0 = 0 or ti0 = 0. If pi0 = 0, then it is obvious that
−si0 + ti0 ≤ −pi0 + qi0 − si0 + ti0 .
Since δi0 > 0, the desired result then follows from the definition of δi0 . If ti0 = 0, then
δi0 = max{0,−si0 ,−pi0 + qi0 − si0}. Since δi0 > 0, the desired result is then obvious.
This completes the proof. 
10 C. JIANG, X.T. DONG AND Z.H. ZHOU
3. COROLLARIES AND EXAMPLES
In this section we observe some interesting consequences of Theorem 2. More specifi-
cally, we will give some sufficient conditions and necessary conditions for two monomial-
type Toeplitz operators Trlζpζq and Trkζsζt commuting on A
2(Ωnm). For the convenience
of our proofs, we rewrite (1) as
Γ (η + |p̂|) Γ
(
η + |ŝ| − |t̂|+ 1
)
Γ (η + |p̂| − |q̂|+ |ŝ|)
Γ (η + |ŝ|) Γ (η + |p̂| − |q̂|+ 1)Γ
(
η + |ŝ| − |t̂|+ |p̂|
)
=
(
η + k2 +
|ŝ|
2 −
|t̂|
2
)(
η + l2 + |ŝ| − |t̂|+
|p̂|
2 −
|q̂|
2
)
(
η + l2 +
|p̂|
2 −
|q̂|
2
)(
η + k2 + |p̂| − |q̂|+
|ŝ|
2 −
|t̂|
2
) . (13)
As a direct consequence of Theorem 2, we first present five cases for two monomial-
type Toeplitz operators commuting on A2(Ωnm), which correspond to [8, Theorem A].
Corollary 7. If one of the following conditions holds, then the operators Trlζpζq and
T
rkζsζ
t commute on A2(Ωnm):
(c1) l = |p̂| = |q̂| = 0 or k = |ŝ| = |t̂| = 0, either of which means that one of the two
operators is the identity operator.
(c2) |q̂| = |t̂| = 0, l = |p̂| and k = |t̂|, which means that both operators have analytic
symbols.
(c3) |p̂| = |ŝ| = 0, l = |q̂| and k = |ŝ|, which means that both operators have
conjugate analytic symbols.
(c4) (pi, qi, si, ti) satisfies Condition (I) for each i ∈ {1, 2, · · · , n}, |p̂| = |q̂| and
|ŝ| = |t̂|.
(c5) (pi, qi, si, ti) satisfies Condition (I) for each i ∈ {1, 2, · · · , n}, |p̂| = |ŝ| , |q̂| = |t̂|,
and l = k.
It is also worth to mention that except the above predictable sufficient conditions for
two monomial-type Toeplitz operators commuting on A2(Ωnm), there are exactly many
other cases. Next, we present some non-trivial examples of commuting monomial-type
Toeplitz operators on A2(Ωnm).
Example 8. Let (pi, qi, si, ti) satisfy Condition (I) for each i ∈ {1, 2, · · · , n}, and let
|p̂| = 2,
|q̂| = 1,
|ŝ| = 2|t̂|,
l = 2|t̂| − 1,
k = |t̂|,
or

|p̂| = 2,
|q̂| = 1,
|ŝ| = 2|t̂|,
l = 2|t̂|+ 1,
k = 3|t̂|,
or

|q̂| = 2,
|t̂| = 1,
|p̂| = 2|ŝ|,
l = 4|ŝ| − 2,
k = 3|ŝ| − 1.
Then it is easy to check that Trlζpζq commute with Trkζsζt onA
2(Ωnm) in each of the cases
above. More specifically, if we define p, q, s, t ∈ N3 by
p = (m1,m2, 0), q = (m1, 0, 0), s = (2m1, 2m2, 4m3), t = (2m1, 0, 2m3),
then (|p̂|, |q̂|, |ŝ|, |t̂|) = (2, 1, 8, 4), which does not satisfy Corollary 7. Obviously, Tr7ζpζq
commutes with T
r4ζsζ
t , and Tr9ζpζq commutes with Tr12ζsζt on A
2(Ω3m).
If the weakly pseudoconvex domain is not the unit ball, we can construct the following
more interesting example.
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Example 9. Supposem = (4, · · · , 4) ∈ N6 and
p = (0, 2, 0, 1, 1, 4),
q = (0, 1, 1, 0, 1, 1),
s = (2, 0, 0, 8, 2, 4),
t = (3, 0, 2, 0, 2, 1).
Then (|p̂|, |q̂|, |ŝ|, |t̂|) = (2, 1, 4, 2) and the tuple (pi, qi, si, ti) satisfies Condition (I) for
all i ∈ {1, · · · , 6}. As a consequence of Example 8, we see that the operators Tzpzq and
Tζszt commute on A
2(Ω6m).
Next, we give some interesting necessary conditions for two monomial-type Toeplitz
operators commuting on A2(Ωnm).
Corollary 10. Let l, k ∈ R+, p, q, s, t ∈ N
n. If the operators Trlζpζq and Trkζsζt commute
on A2(Ωnm), then the following statements hold:
(a) At least one of the tuple (|p̂|, |q̂|),
(
|ŝ|, |t̂|
)
, (|p̂|, |ŝ|),
(
|q̂|, |t̂|
)
,
(
|p̂| − |q̂|, |ŝ| − |t̂|
)
,
and
(
|p̂| − |ŝ|, |q̂| − |t̂|
)
belongs to Z2.
(b) The tuple (l, k, |p̂|, |q̂|, |ŝ|, |t̂|) must satisfy the following equation:
(η + |p̂|)
(
η + |ŝ| − |t̂|+ 1
)
(η + |p̂| − |q̂|+ |ŝ|)
(η + |ŝ|) (η + |p̂| − |q̂|+ 1)
(
η + |ŝ| − |t̂|+ |p̂|
)
=
(η + b+ 1)
(
η + a+ |ŝ| − |t̂|+ 1
)
(η + a) (η + b+ |p̂| − |q̂|)
(η + b)
(
η + a+ |ŝ| − |t̂|
)
(η + a+ 1) (η + b+ |p̂| − |q̂|+ 1)
, (14)
where a = (l+ |p̂| − |q̂|) /2 and b =
(
k + |ŝ| − |t̂|
)
/2.
Proof. To prove part (a), let us assume the contrary. Then the analytic function on the
right-hand side of (13) has no zero on the complex plane. However, if the left-hand side of
(13) has no zero, then it follows(
η +
k
2
+
|ŝ|
2
−
|t̂|
2
)(
η +
l
2
+ |ŝ| − |t̂|+
|p̂|
2
−
|q̂|
2
)
=
(
η +
l
2
+
|p̂|
2
−
|q̂|
2
)(
η +
k
2
+ |p̂| − |q̂|+
|ŝ|
2
−
|t̂|
2
)
.
From the assumption
(
|p̂| − |q̂|, |ŝ| − |t̂|
)
/∈ Z2 we then deduce that k = l and
|p̂| − |q̂| = |ŝ| − |t̂| (15)
Then the identity (13) becomes
Γ (η + |p̂|) Γ (η + |p̂| − |q̂|+ |ŝ|) = Γ (η + |ŝ|) Γ
(
η + |ŝ| − |t̂|+ |p̂|
)
.
This together with (15) shows that either |p̂|−|q̂| = |ŝ|−|t̂| = 0 or |p̂|−|ŝ| = |q̂|−|t̂| = 0,
which contradicts with the assumption and completes the proof of the condition (a).
To prove part (b), we can replace η by η + 1 in (13) and apply the formula Γ (η + 1) =
ηΓ (η) to obtain
Γ (η + |p̂|) Γ
(
η + |ŝ| − |t̂|+ 1
)
Γ (η + |p̂| − |q̂|+ |ŝ|)
Γ (η + |ŝ|) Γ (η + |p̂| − |q̂|+ 1)Γ
(
η + |ŝ| − |t̂|+ |p̂|
)
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=
(η + b+ 1)
(
η + a+ |ŝ| − |t̂|+ 1
)
(η + |ŝ|) (η + |p̂| − |q̂|+ 1)
(
η + |ŝ| − |t̂|+ |p̂|
)
(η + a+ 1) (η + b+ |p̂| − |q̂|+ 1) (η + |p̂|)
(
η + |ŝ| − |t̂|+ 1
)
(η + |p̂| − |q̂|+ |ŝ|)
.
The desired result then follows from (13) and the above identity. 
Of course, one may expect that there should exist some differences in operator theory
on the Bergman spaces between on the weakly pseudoconvex domain Ωnm and on the unit
ball Bn. Note that |p̂|, |q̂|, |ŝ| and |t̂| will always satisfy condition (a) of Corollary 10 for
the casem = (1, · · · , 1). In many cases, however, this is no longer true.
In addition, it is interesting to observe that the collection of the tuple (l, k, |p̂|, |q̂|, |ŝ|, |t̂|)
satisfying (14) is finite. Consequently, there exist a finite number of the combination
of the tuple (l, k, |p̂|, |q̂|, |ŝ|, |t̂|) such that the operators Trlζpζq and Trkζsζt commute on
A2(Ωnm). Moreover, with the help of (14), we can easily obtain the next two corollaries,
which give the specific sufficient and necessary condition for some special monomial-type
Toeplitz operators to be commutitive on A2(Ωnm). The first corollary characterizes com-
muting monomial Toeplitz operators on the Bergman space of the weakly pseudoconvex
domains, which is the same as the case on the unit ball.
Corollary 11. Let p, q, s, t ∈ Nn. Then the operators Tzpzq and Tzszt commute on
A2(Ωnm) if and only if (|p̂|, |q̂|, |ŝ|, |t̂|) and (pi, qi, si, ti) satisfy Condition (I) for all i ∈
{1, 2, · · · , n}.
Proof. Denote l = |p̂|+ |q̂| and k = |ŝ|+ |t̂|. Then the identity (14) becomes(
η + |ŝ| − |t̂|+ 1
)
(η + |p̂|+ 1) (η + |ŝ|+ |p̂| − |q̂|+ 1)
= (η + |p̂| − |q̂|+ 1) (η + |ŝ|+ 1)
(
η + |p̂|+ |ŝ| − |t̂|+ 1
)
,
which implies that (|p̂|, |q̂|, |ŝ|, |t̂|) satisfies Condition (I). The desired result then follows
from Theorem 2. 
Our next corollary shows that a Toeplitz operator with a holomorphicmonomial symbol
may only commute with another monomial-type Toeplitz operator with a holomorphic
symbol.
Corollary 12. Let k ∈ R+, p, s, t ∈ N
n with p 6= 0. Then the operators Tzp and Trkζsζt
commute on A2(Ωnm) if and only if the operator Trkζsζt also has holomorphic symbol.
Proof. First assume that Tzp and Trkζsζt commute on A
2(Ωnm). Then by the identity (14)
we have (
η + |ŝ| − |t̂|+ 1
) (
η + k2 +
|ŝ|
2 −
|t̂|
2
)
(η + |ŝ|)
(
η + k2 +
|ŝ|
2 −
|t̂|
2 + 1
)
=
(
η + |p̂|+ |ŝ| − |t̂|+ 1
) (
η + k2 +
|ŝ|
2 −
|t̂|
2 + |p̂|
)
(η + |p̂|+ |ŝ|)
(
η + k2 +
|ŝ|
2 −
|t̂|
2 + |p̂|+ 1
) .
Thus the function on the left-hand side of the above identity is a bounded periodic analytic
function with a period |p̂| in the right half-plane, and consequently, it must be identity
function. So we have(
η + |ŝ| − |t̂|+ 1
)(
η +
k
2
+
|ŝ|
2
−
|t̂|
2
)
= (η + |ŝ|)
(
η +
k
2
+
|ŝ|
2
−
|t̂|
2
+ 1
)
,
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which implies that |t̂| = 0 and k = |ŝ|, as desired.
By (c2) of Corollary 7, the converse implication is clear. This completes the proof. 
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